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The aim of this note is to show how can be derived from
the properties of fundamental interpolation polynomials some
identities. Firstly let us recall some known facts in interpo-
lation theory. Let f : [a, b] → R and x1 < . . . < xn be
distinct points (knots) in [a, b]. It is well-known that the
Hermite-Feje´r interpolation polynomial H2n−1(f)(x) (of de-
gree 2n − 1) attached to f on the knots xi, i = 1, n, sat-
isfies H2n−1(f)(xi) = f(xi), H
′
2n−1(f)(xi) = 0, i = 1, n,
H2n−1(f)(x) =
n∑
i=1
hi,n(x)f(xi), where
n∑
i=1
hi,n(x) = 1, for
1
any x ∈ R. It follows
n∑
i=1
h
(p)
i,n(y0) = 0, ∀ p ∈ N, y0 ∈ R. (1)
The idea is that by using (1) for some special choices for
xi, i = 1, n, y0 and p ∈ N, to get some interesting identities.
In this sense let us present the following.
Application. Prove that for any odd number n ≥ 3, the
identity
n−1
2∑
k=1
2
sin2
kpi
n
=
n2 − 1
3
, (2)
holds.
Proof. We use (1) with p = 2, y0 = 0 and xi =
cos
2i− 1
2n
pi, i = 1, n (the Chebyshev knots of first kind).
It is known that
hi,n(x) =
1
n2
[
Tn(x)
x− xi
]2
(1− xxi), i = 1, n,
where Tn(x) = cos[n arccosx] are the Chebyshev polynomials
of first kind.
Let n ≥ 3 be odd. After some simple calculations (we use
here some known results on Tn(x) in e.g. [1,p.213-214])
h′′i,n(0) =
2
n2
[
T ′n(0)
xi
]2
=
2
x2i
, if i 6=
n+ 1
2
and
h′′n+1
2
,n
(0) =
2
3
(1− n2).
2
Since h′′i,n(0) = h
′′
n+1−i(0), i ∈ {1, 2, . . . , n} \
{
n+ 1
2
}
,
applying (1) we immediately obtain (2).
Remarks. 1) Try a direct proof for (2).
2) Other identities can be derived by taking in (1) the
same knots xi as above, y0 = 0, but different values for p > 2.
This challenge is left to the reader.
3) Another open question would be to derive from (1)
similar identities for more general knots xi, i = 1, n, as for
example the Jacobi knots.
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